In this paper we introduce the hyperbolic mean curvature flow and prove that the corresponding system of partial differential equations are strictly hyperbolic, and based on this, we show that this flow admits a unique short-time smooth solution and possesses the nonlinear stability defined on the Euclidean space with dimension larger than 4. We derive nonlinear wave equations satisfied by some geometric quantities related to the hyperbolic mean curvature flow. Moreover, we also discuss the relation between the equations for hyperbolic mean curvature flow and the equations for extremal surfaces in the Minkowski space-time.
Introduction
Classical differential geometry is on the study of curved spaces and shapes, in which the time in general does not play a role. However, in the last few decades, mathematicians have made great strides in understanding shapes that evolve in time. There are many processes by which a curve or surface or manifold can evolve, among them two successful examples are the mean curvature flow and the Ricci flow. For the Ricci flow, there are many deep and outstanding works, for example, it can be used to successfully solve the Poincaré conjecture and geometrization conjectures. In this paper we will focus on the mean curvature flow.
It is well known that the mean curvature flow is related on the motion of surfaces or manifolds.
Much more well-known motion of surfaces are those equating the velocity dX dt with some scalar multiple of the normal of the surface. The scalar can be the curvature, mean curvature or the inverse of the mean curvature with suitable sign attached. This is the traditional mean curvature flow. For the traditional mean curvature flow, a beautiful theory has been developed by Hamilton, Huisken and other researchers (e.g., [4] , [6] , [10] ), and some important applications have been obtained, for example, Huisken and Ilmanen developed a theory of weak solutions of the inverse mean curvature flow and used it to prove successfully the Riemannian Penrose inequality (see [11] ).
A natural problem is as follows: in the above argument if we replace the velocity dX dt by the acceleration
dt 2 , what happens? In fact, Yau in [15] has suggested the following equation related to a vibrating membrane or the motion of a surface
where H is the mean curvature and the n is the unit inner normal vector of the surface, and pointed out that very little about the global time behavior of the hypersurfaces (see page 242 in [15] ). In deed, according to the authors' knowledge, up to now only a few of the results on this aspect have been known: a hyperbolic theory for the evolution of the plane curves has been developed by Gurtin and Podio-Guidugli [5] , and some applications to the crystal interfaces have been obtained (see [14] ).
Here we would like to point out that the traditional mean curvature flow equation is parabolic, however the equation (1.1) is hyperbolic (see Section 2 for the details). Therefore, in this sense, we name the equation (1.1) as the hyperbolic version of mean curvature flow, or hyperbolic mean curvature flow. Analogous to our recent work [13] , in which we introduced and studied the hyperbolic version of the Ricci flow -the hyperbolic geometric flow, in this paper we will investigate the hyperbolic mean curvature flow.
The paper is organized as follows. In Section 2, we introduce the hyperbolic mean curvature flow and give the short-time existence theorem. In Section 3, we construct some exact solutions to the hyperbolic mean curvature flow, these solutions play an important role in applied fields. Section 4 is devoted to the study on the nonlinear stability of the hyperbolic mean curvature flow defined on the Euclidean space with the dimension larger than 4. In Section 5, we derive the nonlinear wave equations satisfied by some geometric quantities of the hypersurface X(·, t), these equations
show the wave character of the curvatures. In Section 6, we illustrate the relations between the hyperbolic mean curvature flow and the equations for extremal surfaces in the Minkowski space R 1,n .
Hyperbolic mean curvature flow
Let M be an n-dimensional smooth manifold and
be a one-parameter family of smooth hypersuface immersions in R n+1 . We say that it is a solution of the hyperbolic mean curvature flow if
where H(x, t) is the mean curvature of X(x, t) and n(x, t) is the unit inner normal vector on X(·, t).
Let g = {g ij } and A = {h ij } be the induced metric and the second fundamental form on M in a local coordinate system {x i } (1 i n), respectively. Thus, the mean curvature H(x, t) reads
Recall that the Gauss-Weingarten relations
Thus, we have
So the hyperbolic mean curvature flow equation (2.1) can be equivalently rewritten as
It is easy to see that the equation (2.3) is not strictly hyperbolic. Therefore, instead of considering the equation (2.3) we will follow a trick of DeTurck [3] by modifying the flow through a diffeomorphism of M , under which (2.3) turns out to be strictly hyperbolic, so that we can apply the standard theory of hyperbolic equations.
SupposeX(x, t) is a solution of the equation (2.1) (equivalently, (2.2)) and
where ϕ * t is the pull-back operator of ϕ t . We now want to find the evolution equation for the metric
in local coordinates, and define y(x, t) = ϕ t (x) by the following initial value problem
whereΓ k jl is the connection corresponding to the initial metricg ij (x). Since
the initial value problem (2.4) can be rewritten as
Obviously, (2.5) is an initial value problem for a strictly hyperbolic system.
On the other hand, noting
we have
By the standard theory of hyperbolic equations (see [7] ), we have the following result. 
has a unique smooth solution
is a smooth vector-valued function on M .
Exact solutions
In order to understand further the hyperbolic mean curvature flow, in this section we investigate some exact solutions. These exact solutions play an important role in applied fields. To do so, we first consider the following initial value problem for an ordinary differential equation
For this initial value problem, we have the following lemma. Proof. The proof is similar to the arguments in [14] . The following discussion is divided into two cases.
Case I
The initial velocity is nonpositive, i.e., r 1 0.
We argue by contradiction. Let us assume that r(t) > 0 for all time t > 0. Then r tt < 0 and r t (t) < r t (0) = r 1 0 for t > 0. Hence there exists a time t 0 such that r(t 0 ) = 0 (see Fig.1 ). This is a contradiction.
Moreover If r increases for all time, i.e., r t > 0 for all time t, we have r 0 < r e Therefore, r t will change sign and becomes negative at certain finite time, this contradicts to the hypothesis that r is always increasing. Thus, in this case, r increases first and then decreases and attains its zero point in a finite time (see Fig. 2 ). The proof is finished.
In what follows, we are interested in some exact solutions of hyperbolic mean curvature flow (2.1).
Example 1: Consider a family of spheres X(x, t) = r(t)(cos α cos β, cos α sin β, sin α),
where
Clearly, the induced metric and the second fundamental form are, respectively,
and
The mean curvature is
On the other hand, the Christoffel symbols read Thus, we obtain from (2.1) or (2.2) that
By Lemma 3.1, it can be easily observed that, for arbitrary r(0) > 0, if r t (0) 0, the evolving sphere will shrink to a point; if r t (0) > 0, the evolving sphere will expand first and then shrink to a point.
In fact, this phenomena can also be interpreted by physical principles. From (3.2), we have X t (x, t) = r t (t)(cos α cos β, cos α sin β, sin α) (3.4) and X tt (x, t) = r tt (t)(cos α cos β, cos α sin β, sin α).
By (3.3) and (3.5), the direction of acceleration is always the same as the inner normal vector.
Thus, due to (3.4), if r t (0) 0, i.e., the initial velocity direction is the same as inner normal vector, then evolving sphere will shrink to a point; if r t (0) > 0, i.e., the initial velocity direction is opposite to inner normal vector, then the evolving sphere will expand first and then shrink to a point.
Example 2:
We now consider an exact solution with axial symmetry. In other words, we focus on the cylinder solution for the hyperbolic mean curvature flow which takes the following form X(x, t) = (r(t) cos α, r(t) sin α, ρ),
Obviously, the induced metric and the second fundamental form read, respectively,
Moreover, the Christoffel symbols are
Then, we obtain from (2.1) or (2.2) that
By Lemma 3.1, it can be easily found that the evolving cylinder will always shrink to a straight line for arbitrary ρ 0 > 0, r(0) > 0 and r t (0).
Nonlinear stability
In this section, we consider the nonlinear stability of the hyperbolic mean curvature flow defined on the Euclidean space with the dimension larger than 4.
Let M be an n-dimensional (n > 4) complete Riemannian manifold. Given the hypersurfaces X 1 (x) and X 2 (x) on M , we consider the following initial value problem
where ε > 0 is a small parameter.
A coordinate chart (
DeTurck [3] showed that a coordinate function x k is harmonic if and only if
He also proved the following theorem on the existence of harmonic coordinates. By Lemma 4.1 and Theorem 2.1, we can choose the harmonic coordinates around a fixed point p ∈ M and for a fixed time t ∈ R + . Then the hyperbolic mean curvature flow (2.2) can be equivalent by written as
Lemma 4.1 Let the metric g on a Riemannian manifold
Definition 4.1 X 0 (x) possesses the (locally) nonlinear stability with respect to (X 1 (x), X 2 (x)), if there exists a positive constant ε 0 = ε 0 (X 1 (x), X 2 (x)) such that, for any ε ∈ (0, ε 0 ], the initial value problem (4.1) has a unique (local) smooth solution X(x, t); X 0 (x) is said to be (locally) nonlinear stable if it possesses the (locally) nonlinear stability with respect to arbitrary X 1 (x) and X 2 (x).
Proof. Choose the harmonic coordinates around a fixed point p ∈ M and for a fixed time t ∈ R + .
Then the equation (4.1) can be written as
Define Y (x, t) = (y 1 , · · · , y n , y n+1 ) in the following way
Then for small Y (x, t), we have
The equation (4.2) can be rewritten as
then for all p we have
By the well-known result on the global existence for nonlinear wave equations (e.g., see [2] , [7] , [12] ), there exists a unique global smooth solution Y = Y (x, t) for the Cauchy problem (4.5). Thus, the proof is completed.
Evolution of metric and curvatures
From the evolution equation (2.1) for the hyperbolic mean curvature flow, we can derive the evolution equations for some geometric quantities of the hypersurface X(·, t), these equations will play an important role in the future study on the hyperbolic mean curvature flow.
Lemma 5.1 Under the hyperbolic mean curvature flow, the following identities hold
Lemma 5.1 can be found in Zhu [16] . 
By a direct calculation, we have
the equations for extremal surfaces in the Minkowski space
In this section, we study the relations between the hyperbolic mean curvature flow and the equations for extremal surfaces in the Minkowski space R 1,n . 
The Lorentz metric of R 1,n reads
A massless n-dimensional surface moving in (1+n)-dimensional Minkowski space can be defined by letting its action be proportional to the (1 + n)-dimensional volume swept out in the Minkowski space. It is a natural generalization of the massless string theory, and it is interesting in its own right, as an example in which geometry, classical relativity and quantum mechanics are deeply connected. Hoppe et al [1] , [8] and Huang and Kong [9] have obtained some interesting results about it.
We are interested in the following motion of an n-dimensional Riemannian manifold in R
1,n+1
with the following parameter (t, x 1 , · · · , x n ) →X = (t, X(t, x 1 , · · · , x n )), (6.1) where (x 1 , · · · , x n ) ∈ M andX(·, t) be a positive vector of a point in the Minkowski space R 1,n+1 .
The induced Lorentz metric reads It is easy to see that the equation ( 
